Treatment of Experimental Data

I. PRECISION AND ACCURACY

The only kind of physical quantity that can ba measured with parect accuracy is a tally of discrate
objects, for example, dollars and cents or the number of objects in a museum case. In measuring a quantity
capable of confinuous variation such as mass or length there always is some uncerainty bacause the
answer, like an irrational number such as 1, cannot be expressed by any finite number of digits. The volume
of liquid in a buret, for example, is capable of continuous variation and can only be estimated because
abfaining a measurameant requires guassing just where the liquid level lies betwaan marked velume
divisions on the buret wall. The precision of the volume estimate depends on the gquality of the buret and
the skill of the experimantar. In addition to errers which result from difficulties of consiructing and using
mieasuring devices, other erors over which the experimentar has no control are inherent in measuremeants.
Therefore, at least two, prefarably three or more, determinations of any quantity should be made for
comparizson purposes. After making several measureaments of some guantity, the best value to use
genarally is the average of all the measurements. The “true” value—mare correctly, the "accepted” value—
of important quantities such as physical constants listed in a handbook (for example, the welocity of lightin a
vacuum), is chosen by some competent group of expearts who critically examine all the available data to
salact the most probable value.

It iz imporiant to distinguish between the precislon and the accuracy of a series of measurements,

The precision indicates how reproducible the measurements are.
Measurements whose values scatter widely are less precise than measurements whose values lie close
together, even though the average value of the two sefs of data might be exactly the same. Measuremenis
of the diameter of a solid cylinder made with a micrometer will be more precise than the same measuramanis
made with & meter stick because the meter stick is more coarsely graduated,

The accuracy Indicates how well the measurement agrees with an accepted value.
The accuracy of a measuremeant i unrelated to its precision. Accuracy depends on how well the measuring
davice is caliorated with respaect to some accepted standard, such as the intermationzl reference matar
length at the National Bureau of Standards. If a precise micrometer reads 1.50 mm when it actually should
measura 1.75 mm, then the average value of a very precise series of measuremants will be in error by 0.25
mm, inaccurate by: (0.25%1.75)(100%) = 14.3%.

One can only judge the accuracy of a measuremant by comparing it with an accepted value. If no
acceptad valua can be found, the accuracy cannot be ascerained.

IL. DETERMINING PRECISION:

The precision of an experimental determination may be taken to be a statemant about how widely
the individual waluas of a series of measurements deviate from the average valua, The arithmetic average of
a seres of measurements is usually taken o be the “best” value, but the average value gives no information
about the precision, or "scatter”, of the separate measurements. The most common ways (o axprass
experimeantal precision are by the average deviation, relative average deviation, and standard deviation.

1. Average Deviation
Thi simplast measura of precision is the average deviation, which is determined as follows:
1. Caloulate the average value of all the of measurements
2. Subtract the average value from gach individually measured value, this quantity is called
e deviation,
3. Sum the deviations (treat each deviation, whether positive or negative, as a positive
quantity) and calculate their average,



Written as an equation, the average deviation d is:
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where n is the tot@l number of measurements, the summation goes from i=1 (the value of x for the first
measuremant) to i=n (the value of x for the nth measurement), x; is the value of the ith measurement, and
X is the average value of all the measurements. The vertical lines on each side of the parenthesis in the
numerator are an absolute value symbol. They indicate that the quantity between them is to be regarded as
a positive quantity.

Using the absolute value of a number simply means always treating the number as a positive

fuantity, regardiess of whether the true value Is poshive or negative.
Thie numerator, them, is tha sum of the absolute values of all the deviations.

EXAMPLE 1: )
In a series of measurements, the following values for the molarity of a potassium permanganate

solution were obtained: 0.1010, 01020, 0.1012, 0.1015 maol L1 {moles per liter). Calculate the average
deviation.

ANSWER:
individual measurements Individual deviations from
the average (absolute value)
0.1010 0.1014 - 0.1010 = 0.0004
0.1020 0.1014 - 0.1020 = 0.0008
0.1012 0.1014 - 0.1012 = 0.0002
01013 0.1014 - 0.1015 = Q0001
Zxi= 0.4057 Zdi= 0.0013
- .= 0,001
Average x = % =-24%57 _ 51014 moiL Au.wagadn-.namhd:”dﬁ: 0.0003 mokL

These results would be reporied as:  0.1014 £ 0.0003 mol/L.

2. Relative Average Deviation
Precision also may be expressed as the relative average deviation (r.a.d.), defined as the average
deviatian divided by the average value.

EXAMPLE 2:
The r.a.d. for the measurements in Example 1 is:
rad = av. deniation 4. 0.0003
av, measured value  y 0.1074

(Only one significant figure is valid.) The percent r.a.d. is an often used variation. It is obtained by multiplying
the r.a.d. by 100%:

= 0.003 [dimensionless)

0.0003
rad s —— =1 = 0.3%
ad 57074 w 100% =03
The precision of an experiment varies with the method and apparatus used. An experienced
chemist using equipment commonly available for routing analytical work should be able 1o determine the
chlorida concentration in a solution with a precision of 0.1% r.a.d. The average inexperiencad student is
maore likely to obtain a precision arcund 1.0% r.a.d,

3. Standard Deviation

The standard deviation has greater theoratical validity than the average dewiation. The average
deviation is popular because of its simplicity but is reliable only if the number of measurements is very large,
around 10 or more. For smaller sets of data, the standard deviation gives a much better indication of



maasuring precision. Both methods indicate the same precision for random errors In a very large number of
measurameants.
The standard deviation is determined as follows:

1. Calculate the average of a series of measurements.

2, Determine the deviation of each measurement from the average.

3. Square the deviations and add up their squares.

4. Divide the sum of the squares of the deviations by (n - 1), where n is the total numbar of

measunsmeants,
5. Take the square root of the result from step 4.

Let x4 be the value of the first measurement, xz the value of the second, and so forth. Let X be the average
value of all the measurements. Then the deviations in step 2 above are found as in the average deviation,
by subtracting the average value from each measured valpe. Let the deviation of measurement 1 be dq, of
maasurameant 2 be dz, etc Than:

Writtan as an eguation, the standard deviation o is:
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where n is the total number of measurements, the summation goes from | = 1 (the value of x for the first
measurement) 1o | =n (the value of x for the nth measurement), x; is the value of the ith measurement,

and ¥ is the average value of all the measuremants. Example 3 illustrates how to determine the standard
deviation of a series of measurements.

EXAMPLE 3:
Calculate the standard deviation of the measurements in Example 1 of the molarity of a potassium
permanganate solution.

ANSWER:
Measurement Measured individual deviations Deviations
number molarity from the average squaned
{molL) _ _
1 0.1010 0.1010°- 0.1014 = -0.0004 (-0.0004)2 = 162107
2 0.1020 0.1020 - 0.1014 = +0.0006 (+0.0008)2 = 3.6 x 107
3 0.1012 0.1012 - 0.1014 = -0.0002 (-0.0002)2 = 0.4 x 107
4 0.1015 0.1015 - 0.1014 = +0.0001 (+0.0001)2 = 013107
Ty = 04057 Td2 =« 6Ex107
. 1/2
Average molarity = "'-‘“ﬂ = 0.1014 molL std. dav. = O = (%J = 0.00047 molL

These results would be reported as:

molarity of potassium permanganate solution = 0.1014 + 0.0005 mol/L {std. dewv.).
Notice that in this case, with only a few measurements, the standard deviation more realistically indicates
less pracision in the measuremeants than did the average deviation, :




The standard deviation has a precise theoratical meaning.

if the deviations from one measurement to another are parfectly random, the magnitude of the

standard deviation gives the range of spread from the average value within which 68% of all

measurements are expected 1o fall.

For example, if you make 100 duplicate measurements of the mass of a sample, 68 of these measuremants
ghould fall within pluz or minus one standard deviation of the awverage value. Ninety-five percent of all dupli-
cate measurements should lie within two standard deviations' (20: std. dev. multiplied by two). Two stan-
dard daviations (2s) is said o represant the 95% confidence level. Testing these statements on an actual
gample can be a useful way of defermining whether ar not the errors in a given measurement ane truly ran-
dom or not. If some systematic error is present, such as a steady drift in an instrument calioration due to a
changing temperature, the precision predictions of the standard deviation will not hold true.

Like the avarage deviation, use of the standard deviation is strictly valid only for an infinite number
of measurements, When the total number of replicate measurements is quite small, parhaps four or five, the
standard deviation should be regarded only as a rough estimate, but it is better than the average deviation
and is the most useful indication of measuremant uncertainty for finite data sets.

Iil. DETERMINING ACCURACY:

Precise measuramants are not necessarily accurate. The accuracy exprasses the agreement of the
measurement with an accepted value for the quantity. If no accepted value is known, the accuracy cannot
be ascartained. When a quantity is maasured for which a “true” or accepted value is kmown, it is usual to
express the accuracy in terms of the absolute error and relative error, bath of which compare the measured
value with the accepted value.

The absolute ermor (also called just the erron, Is the exparimentally determinad value minus the

accepted value.

The relative error is the absolute error divided by the accepted value.

EXAMPLE 4:

Suppose that the accepted value for the normality of the permanganate solution in Example 1 is
0.1024 molL, as measured by the instructor of the course, What are the absolute eror and relative arrar for
the determination of the normality in Example 17

ANSWER:
01014 moll the determinad avarage value
the accepted value

-0.0010 moll the absolute errar
fram which the relative errar is -0.0088, obtained as follows:
Z0.00010 _ 4 goce
0.1024

Metice that there are no units for the relative error.
Other ways to express relafive error are by percent relative error (%), parts per thousand (ppt), and
parts per million (ppm). The relative error from above may also be expressed as:
00028« 100% = -0.98%

00088 = 1000 ppt = -B.8 ppt
-0.0098 « 1,000,000 ppm = -9800 ppm

I¥. PROPAGATION OF ERRORS:

Often, several different measured quantities are used to caleulate another quantity, as when the
density of an object is found by dividing its measured mass by its measured voluma, Uncertainties in the
measured quantities naturally will result in an uncertainty in the calculated guantity. If the uncertainties in the
measured quantities have been determined, the most probable, or statistical uncertainty, in a calculated
quantity can be found by using the following rules.

1A:tuarlg.r, 95% ol the measuremenis should lie within 1,98 standard deviations. Using a value of 20 s close enough
and, in any casa, it errs on the safe sida.



1. Stetistical uncertalnty In sums and differences
Suppose a calculated quantity is F=x+y. Let Ug, Uy, and Uy be tha statistical uncertainties in F, x,
and y, respactivaly.
The stailstical uncertainty In F equals the square root of the sum of the squares of the uncertainties
In xand y.
In equation form: U = (Uy? + Uy®)12.

EXAMPLE 5:

The mass of water in a beaker is found by weighing the dry beaker empty and then weaighing it with
the water in it. The mass of the water is the difference betweean these two masses. Each mass is weighed
four times. The results, with the calculated average deviations, are:

mass of beaker when empty (mp): 9.8264 + 0.0005 g

mass of beaker with water in it (Mp.wj: 16.7193 + 0.0005 g

mass of water (without uncertainties): My = Mg + Mp = 16.7183 - 9.8264 = 6.8929 g
statistical uncertainty in mass of water: Ly = (0.00052 + 0.00052)12 = (5x10-7y1%2

: U, =+0.0007 g (rounded to one significant figure)
The measured mass of water is expressed comectly as: My = 6.8929 + 0.0007 g

2. Statistical uncertainly in products and quotients
Suppose a calculated quantity is F = {xy)iz . Let Ug, Ly, and Uy, ba the statistical uncertainties in F,
u, and y, respaciively. The statistical uncertainty in F is:
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EXAMPLE &6:

The density of an object is found by dividing its measured mass by its measured volume. The vol-
ume and mass each are measured seven times, the mass on an analytical balance and the volume by
displacing water in a graduated cylinder. The results, with their calculated standard deviations, are;

mass of object m= 9.2152 + 0.0003 g
volume of object: V= B.74 £ 0.07 mL
density of object (without uncerainties): re 92152874 = 1.05 g'mL

12
2 2
statistical uncertainty in density: U, = (1.05) ¢ [ 20003 0.07 = +0.008 g/mL
Y sy g = ]{(5.2152 *\87a g

The measured density is correctly expressed as: r=1.05+ 0.01 g/mL (rounded to 2 decimal places)

This example illustrates a very important point.
The precision of a result calculated by multiplication andior division can be no greater than the
precision of the least precise quantity used In the calculation.
When differant measurements are combined in a calculation to obtain a new quantity, such as dividing mass
by valume to get density, the precisions of the different measurements will, in general, be different. It can
be seen that the uncertainty in the density measurement is dominated by the uncertainty of the volume
measurement, which is known only io three significant figures. A less precise balance could have bean
used without decreasing the precision of the measurement at all. f a more precise density measurement is
needed, the precision of the volume measuremeant must be improved first, There is no paint in improving
Ii"lﬂI mass measurament alone because it would make no difference in the final uncertainty of the density
value.



¥. SIGHIFICANT FIGURES:

Whenever a measured value is given, the number should be exprassed in a manner that makes the
degree of uncertainty perfectly clear. This is done by writing a value so that it contains only those digits that
are kmown with cartainty (have not been estimated), plus one more figure (the first estimated figure). Tha
last figure in the number is always ona that requires somea degree of estimation and, therefore, it sarves as
an indication of the pracision of the value.

ﬁgnmmmumummm of digits necessary to express a maasurament or calculation to

with which it was made.
Itis impuﬂant o remember that the number of significant figures is unrelated to the position of the decimal
peint. The numbers 1056, 105.6, 1.056, 0.1056, 0.001056, and 1.056 = 107 all ane written with just four
significant figures. Zeroes which serve only to locate the decimal paint, as the first two zeroes in 0.001056,
and powers of ten which are needed to express the magnitude of a value, do not count as significant
ures.

" Lsually, thera is no problam in reporting the correct number of significant figures to exprass the
result of a direct measurement because the measuring instrumeant simply does not give extra meaninglass
figures. However, when calculations are performed to obtain some desired quantity, extra numbers often
appear that have no experimental validity. This is especially true when using an electronic calculator. Extra
meaningless figures always should be eliminated by rounding off the calculaled value 1o the comect number
of significant figures.

Rules for Rounding Off to the Comrect Significant Figures

1. When the first digit after the last significant figure Is less than 5, simply cut off all extra figures without
changing the last significant figure.

Example:
A galculation gives thie number 3.9634263 for & value that should hawve four significant figures. The
fifth digit (which is the first nensignificant figure) is 4, which is less than 5. Therefore, the value is correctly
glvan as 3.963.

2. When the first digit after the last significant figure i greater than 5, add 1 to the last significant figure
and drop all following digits.

Example:
A calculation gives the number 0.0462733 for a value that should have three significant figuras.
The first nonsignificant figure is 7 {the zeroces in front of the 4 serve only 1o locate the decimal point and do
not count as significant figuras), which is greater than 5. Tharefore, the value is correctly given as 0.0463.

3. When the first digit after the last significant flgure Is equal to 5, the situation is ambigucus and thera
is no universally accepled way 1o handle this case, A good guide to follow is:
a. Look at the second digit after the last significant figure. If it is larger than 5, round the last
significant figure upward by adding 1 fo it. If it is 5 or smaller, or if there i no second non-
significant figure, go to step b.

b. When the first digit after the last significant figure is equal to 5, and the second digit after the last
significant figure offers no basis for rounding upward, as explained in a, always round the last
significant figure to the nearest even number. This offsets any psychological bias for rounding
in a non-random manner, since there is an equal probability that choosing the next nearest
even number results in rounding up or down,

o:
a. A calculation gives the number 123.6257 for a value that should have five significant figures. The
first non-significant figure is 5, which is ambiguous with respect to rounding up of down. Because tha
second non- significant figure is 7, which is larger than 5, the last significant figure should be roundad
upward by adding 1. The value is correctly given as 123.63.

b. A calculation gives the number 3.775 for a value that should have three significant figures. The
correct value could be either 3.77 or 3.78, since 3.775 is exactly in the middle between them. By choosing
the closest even number, the value is correctly given as 3.78.



Rules for Finding the Correct Mumber of Significant Figures

An exact treatment for finding the correct number of significant figures is more complicated than
necassary for most situations. If you remember that no mathematical operation can Increase the precision of
an experimental result, you can use three simple rules for determining the correct number of significant
figures.

1. When the precision of a number has been determined, as the standard or average deviation, the
average value of a series of measurements should have the same number of decimal places as the + value
of the dewviation. ’
Example:
The molarity of permanganate solution in Example 1 has an average deviation of £0.0003.
Tharetfore, the average value of the molarity should contain four figures after the decimal point. In
calculating the average, the calculator rasult of

0.4057/4 = 0.101425000 molL
must be rounded to 0.1014 mol/L in order to use significant figures correctly.

2 if a value Is calculated using multiplication and/or division, the value should be rounded off to have
the same numbar of significant figures (regardless of the pesition of the decimal point) as the quantity used
in the calculation that has the least number of significant figures.

Example:
The valocity of a rolling ball is determined by observing that it rolls 135.6 cm In 12.1 seconds. Using
a calculator, the velocity found to be: i
(135.6 cm)/{12.1 8) = 11.20661157 cm/s
Because the time measuremeant, 12.1 seconds, has only three significant figures, the answer is limited to
three significant figures. The answer is expressed corractly a5 11.2 cmis.

3. It a value Is calculated using additlon and/or subtraction, the value should be rcunded off to have
the same number of digits affer the decimal point as the guantity weead in the calculation that has the least
number of digits after its decimal point.

Examjpla:
2653 Because 265.3 has only one digit after the decimal paint, the answer must be
33.67 rounded off to just one decimal place, as indicated by the vertical line. The answer
1.0083 is correctly given as 300.1.
300 0BT
34.694 Bacause 34.63 has only two digits after the decimal peint, the answer must be
-34.63 rounded off to two decimal placas. The answer is comectly given as 0.06.

0084



